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ABSTRACT 3 3 $.a 
The r epor t  d i scusses  the  ca l cu la t ion  of circumnaviga- 

t i o n  o r  landing o r b i t s  with v e r t i c a l  take-off  and landing.  
Parameters, boundary-.values and planes a re  examined and 
r e s u l t s  presented as  i s o l i n e s .  a c c c j h  

The planning and designing of space vehic les  i s  always preceded by a k* 
study of t h e  major c h a r a c t e r i s t i c s  of t h e  forthcoming f l i g h t s ,  t h e  s e l e c t i o n  
of r a t i o n a l  f l i g h t  systems and a prel iminary determination of t he  bas ic  
c h a r a c t e r i s t i c s  of t h e  se l ec t ed  t r a j e c t o r i e s .  The necessary ca l cu la t ions  a t  
t h i s  s t age  may be approximate, but  the  r e s u l t s  of t h e  ca l cu la t ions  should be 
f a i r l y  desc r ip t ive  so as  t o  convey a c l e a r  idea of t h e  whole m u l t i p l i c i t y  of 
poss ib l e  t r a j e c t o r i e s .  Such an approximate ana lys i s  of t h e  poss ib l e  f l i g h t  
t r a j e c t o r i e s  t o  t h e  Moon, Mars and Venus, f a c i l i t a t i n g  a c lose  f l i g h t  around 
t h e  p l ane t  and a r e t u r n  t o  t h e  Earth,  has been made. 

For t h e  sake of s impl i c i ty ,  t h e  ca l cu la t ions  were based on t h e  assumption 
of t he  exis tence of Keplerian motion i n  the  zone of a c t i o n  of t h e  c e l e s t i a l  
bodies.  

1. The F l i g h t  T r a j e c t o r i e s t o  the  Moon 

It i s  a well-known f a c t  t h a t  a l l  t h e  poss ib le  f l i g h t  t r a j e c t o r i e s  t o  t h e  
Moon designed t o  make a landing on it, a c lose  f l i g h t  around it or a change t o  
a s a t e l l i t e  o r b i t ,  assuming a constant energy l e v e l ,  are grouped i n  a narrow 
bunch. A c h a r a c t e r i s t i c  f e a t u r e  of t h i s  bunch i s  t h e  i n s i g n i f i c a n t  d i f fe rence  
i n  the  magnitudes and d i r e c t i o n s  of the f l i g h t  v e l o c i t i e s  i n  the  c ross  
sec t ions  perpendicular  t o  the  ax i s  of the  bunch. The t r a j e c t o r y  passing through 
the  c e n t e r  of the  Moon may be considered a s  the  a x i s  of such a bunch. 

/2 

A l l  t h e  poss ib l e  f l i g h t  t r a j e c t o r i e s  from t h e  Moon t o  t h e  Earth,  having 
t h e  same per igee,  i n c l i n a t i o n  and energy l e v e l  as they  emerge from t h e  Moon's 

*Numbers given i n  t h e  margin ind ica te  t h e  paginat ion i n  t h e  o r i g i n a l  fore ign  
t e x t .  
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zone of ac t ion ,  are a l s o  grouped i n  a narrow bunch. 
v e r t i c a l  take-off  from the  Moon may be considered a s  t he  axis of t h i s  bunch. 

The t r a j e c t o r y  of a 

The study of t h e  f l i g h t  t r a j e c t o r i e s  t o  t h e  Moon began with t h e  t r a j e c -  
t o r i e s  charac te r ized  by v e r t i c a l  landing and take-off ,  i n  view of t h e i r  par-  
t i c u l a r  importance. F l i g h t  t r a j e c t o r i e s  t o  t h e  Moon with a per igee  of 6,690 
kilometers and r e t u r n  t r a j e c t o r i e s  with a per igee  of 6,420 ki lometers  were con- 
s idered .  To s impl i fy  t h e  ca lcu la t ions ,  it w a s  assumed t h a t  t h e  Moon's o r b i t  
was c i r c u l a r .  

It can be shown t h a t ,  under these condi t ions,  the  e n t i r e  family of v e r t i c a l -  
landing and take-off  t r a j e c t o r i e s  depends on two parameters.  An ana lys i s  re- 
vealed t h a t  i f  t h e  sphe r i ca l  coordinates of t h e  t r a j e c t o r y ' s  po in t  of e n t r y  
(or e x i t )  i n t o  ( o r  from) the zone of lunar  g r a v i t a t i o n  a r e  used as independ- 
en t  va r i ab le s ,  a l l  t h e  t r a j e c t o r y  elements can be determined by f i n i t e  formulas; 
and t h i s  does not r equ i r e  t h e  so lu t ion  of t h e  boundary-value problem. 

Appropriate ca l cu la t ions  have been made of t h e  var ious elements of t h e  
t r a j e c t o r i e s  involving v e r t i c a l  landing and take-of f .  The r e s u l t s  of t hese  
ca l cu la t ions  a r e  presented i n  t h e  form of i s o l i n e s  of t h e  r e spec t ive  parameters 
i n  t h e  f i e l d  of t h e  i n t e r s e c t i o n  point  coordinates  between t h e  t r a j e c t o r i e s  
and t h e  zone of ac t ion .  
The i n t e r s e c t i o n  poin t  of t h e  t r a j e c t o r y  and the  zone of ac t ion  i s  charac- 
t e r i z e d  by t h e  sphe r i ca l  coordinate  y, A .  
a s  t h e  bas ic  plane,  and t h e  reading is  made counter-clockwise from t h e  center  
of t h e  Moon i n  t h e  d i r e c t i o n  of t h e  Earth.  
f o r  both t h e  northern and southern a l t e r n a t i v e s  ( s t a r t i n g  i n  t h e  northern or 
southern hemisphere from t h e  geocentric o r b i t ) .  

/3 These i s o l i n e s  are presented i n  f i g u r e s  1-8. 

The moon's o r b i t a l  plane i s  taken 

Cited i n  f i g u r e s  1-8 a r e  t h e  r e s u l t s  

The c h a r a c t e r i s t i c s  of t h e  t r a j e c t o r y  bunches make it poss ib l e  t o  apply the  
r e s u l t s  obtained f o r  t h e  v e r t i c a l  landing and take-off  t r a j e c t o r i e s  t o  the  
t r a j e c t o r i e s  involving a c lose  f l i g h t  around t h e  p l ane t s .  This  can be done by 
t h e  fol lowing method. Let us assume t h a t  w e  have t o  determine t h e  bas ic  char- 
a c t e r i s t i c s  of a t r a j e c t o r y  whose Earth-Moon segment has a p r e s e t  i n c l i n a t i o n  t o  
t h e  Moon's o r b i t a l  plane il, a pe r i cen te r  a l t i t u d e  above t h e  Moon z n ,  a r e t u r n  

t r a j e c t o r y  i n c l i n e  i2 and a per igee  d i s t ance  of t h e  r e t u r n  pa th  Rn = 6,420 k i lo -  
meters.  

To  make t h e  ca l cu la t ions  c learer ,  we s h a l l  first assume t h a t  i t  i s  not  the  
p e r i c e n t e r  of t h e  f l ight-around t r a j e c t o r y  t h a t  i s  p re se t  but t h e  se lenocent r ic  
v e l o c i t y  on t h e  boundary of t h e  zone of ac t ion  V,. 

l i n e s  il = const  and Vc = const (see f i g s .  9-11) t o  determine t h e  coordinates  

(pl, and h l ,  of t h e  v e r t i c a l  landing t r a j e c t o r y ' s  i n t e r s e c t i o n  po in t s  with the  

zone of ac t ion .  

We can then  use t h e  i so -  
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The modules of t h e  se lenocent r ic  v e l o c i t i e s  where t h e  t r a j e c t o r y  e n t e r s  
and leaves t h e  zone of a c t i o n  are the  same. 

We w i l l  now f ind  t h e  v e r t i c a l  take-off t r a j e c t o r y  which has t h e  same velo-  
c i t y  V a s  t h e  above-discussed v e r t i c a l  landing t r a j e c t o r y ,  and a geocentr ic  

i n c l i n e  equal t o  i The coordinates cp2, h2 of t h i s  t r a j e c t o r y ' s  po in t s  of e x i t  2 '  

from t h e  zone of a c t i o n  a r e  defined by t h e  use of i s o l i n e s  Vc = const and i2 = 

C 

const ( s e e  f i g s .  5-6). This w i l l  automatical ly  provide f o r  a per igee  /4 
d i s t ance  of % = 6,420 kilometers.  The coordinatescpl,hl, and (p2, A 2  can be 

used t o  f i n d  t h e  angle between the  t r a j e c t o r y  wi th  a v e r t i c a l  landing, which 
has a l l  t h e  required elements on t h e  Earth-Moon sec t ion ,  and t h e  t r a j e c t o r y  
with a v e r t i c a l  take-off  which has a l l  t h e  necessary element values on t h e  
Moon-Earth sec t ion .  

I n  view of t h e  c h a r a c t e r i s t i c s  of t h e  t r a j e c t o r y  bunches, the  e n t r y  v e l o c i t y  
of t h e  f l ight-around t r a j e c t o r y  i s  p a r a l l e l  t o  t h e  e n t r y  ve loc i ty  of t h e  ver -  
t i c a l  landing t r a j e c t o r y ,  and t h e  ex i t  ve loc i ty  i s  p a r a l l e l  t o  t h a t  of t h e  t ra-  
j e c t o r y  with a v e r t i c a l  t ake-of f .  Thus t h e  angle q between t h e  found t r a j e c -  
t o r i e s  with v e r t i c a l  landing and take-off cha rac t e r i zes  t h e  d e f l e c t i o n  angle of 
t h e  se lenocent r ic  v e l o c i t y  of t h e  f l i g h t  around t h e  Moon. The magnitude V 

and angle  q determine t h e  a l t i t u d e  of t h e  o r b i t  p e r i c e n t e r  i n  an i d e n t i c a l  way. 

C 

The two families of i s o l i n e s  are shown i n  t h e  coordinates  q and Vc i n  

f i g u r e s  9-11 with a view t o  f a c i l i t a t i n g  a l l  t hese  ca l cu la t ions .  One family 
cha rac t e r i zes  t h e  r e l a t i o n  between de f l ec t ion  angle  q of t h e  hyperbolic velo-  
c i t y  and i t s  magnitude i n  the  zone of a c t i o n  Vc a t  d i f f e r e n t  constant  a l t i -  

tudes  of  pe r i cen te r  z,above t h e  lunar sur face .  

The second family i s  based on the ca l cu la t ion  r e s u l t s  of t h e  t r a j e c t o r i e s  
with v e r t i c a l  landing and take-of f ,  and r ep resen t s  t h e  r e l a t i o n s h i p  between 
angle qoand  V a t  var ious il and i2 i n c l i n a t i o n s .  

C 

The q(V ) dependence f ami l i e s  are constructed i n  each graph with var ious 
C 

i and a constant  il value.  The i so l ine  i n t e r s e c t i o n  p o i n t s  hF = const and 2 
i = const  determine t h e  respec t ive  q and V values .  
2 C 

Returning t o  t h e  problem of determining t h e  f l igh t -a round t r a j e c t o r y  /5 
with t h e  present  values  RTT1, il, z n ,  i 2  and G2, we w i l l  formulate the f ina l1  

sequence of t h e  requi red  operat ions.  

3 



1. The p rese t  values il, i2 and h and f igu res  9, 10 and 11 can be used 
Tr 

t o  determine t h e  values of q and V,. 

2. The excess of t h e  take-off ve loc i ty  from t h e  Earth over t h e  parabol ic  
ve loc i ty  i s  determined by t h e  i s o l i n e s  i = const and V = const and t h e  use 

of f i g u r e s  1, 2, 3 and 4. 
1 C 

3. The automatic use of t h e  above-cited r e l a t ionsh ips  makes t h e  r e s u l t -  
ing  values R and R 

i T l  Tr2 
equal t o  6,690 and 6,420 kilometers,  r e spec t ive ly .  

Other i s o l i n e s  of t h e  t r a j e c t o r i e s  with v e r t i c a l  landing and take-off 
can be used t o  determine t h e  o ther  unknown c h a r a c t e r i s t i c s  of t h e  t r a j e c t o r y  
involving a f l i g h t  around t h e  Moon. 

Figure 12 shows t h e  region of the pe r i cen te r s  of t h e  var ious f l i g h t -  
around t r a j e c t o r i e s ,  with a per icenter  a l t i t u d e  above t h e  lunar  sur face  of 
150 ki lometers ,  i n  r e l a t i o n  t o  t h e  Moon's sur face .  The i = const and i 2  = 

const i s o l i n e s  which f u l l y  character ize  t h e  f l ight-around t r a j e c t o r y  a t  a 
p r e s e t  z iT a re  p l o t t e d  on t h a t  f igure .  

.1 

The c h a r a c t e r i s t i c s  of t h e  f l i g h t  t r a j e c t o r i e s  t o  t h e  Moon with a view 
t o  changing of various se lenocent r ic  o r b i t s ,  as  wel l  as t h e  c h a r a c t e r i s t i c s  of 
t h e  t r a j e c t o r y  of t h e  r e t u r n  f l i g h t  t o  t h e  Earth,  following a take-off  from 
t h e  se lenocent r ic  c i r c u l a r  o r b i t ,  can be determined, as i n  t h e  case of t h e  
f l ight-around t r a j e c t o r i e s ,  by t h e  same re l a t ionsh ips  shown i n  f i g u r e s  1-8. 

/6 2. The F l igh t  T ra j ec to r i e s  t o  Mars and Venus 

As  was pointed out e a r l i e r ,  of a l l  t h e  many poss ib le  f l i g h t  t r a j e c t o r i e s  
t o  Mars and Venus, only those f a c i l i t a t i n g  a c lose  f l i g h t  around these  p l ane t s  
followed by a r e t u r n  t o  t h e  Earth were discussed.  

The t r a j e c t o r i e s  were calculated i n  t h e  following manner. The t r a j e c -  
t o r i e s  passing through t h e  centers  of Mars and Venus were ca lcu la ted  f o r  t h e  
var ious take-off and c o l l i s i o n  data .  The next s t ep  w a s  t o  f ind  t h e  miss f o r  
which the  p l a n e t ' s  g r a v i t a t i o n a l  f i e l d  d i s t o r t e d  the  t r a j e c t o r y  i n  such a way 
t h a t  t h e  sh ip  moving along the re turn  f l i g h t  pa th  met wi th  t h e  Earth a t  t he  
moment i t s  o r b i t  w a s  in te rsec ted .  It was assumed i n  the  ca l cu la t ion  t h a t  i n  
case of a m i s s ,  the  vec tor  of the he l iocent r ic  ve loc i ty  i n  the  p l a n e t ' s  zone of 
ac t ion  would remain unchanged. We considered t h e  f a c t  t h a t  the o r b i t s  of the  
p l a n e t s  are e l l i p t i c a l ,  and t h e i r  planes do not coincide.  The ca l cu la t ions  
took i n t o  account the  l i m i t a t i o n s  imposed by the  p l a n e t ' s  dimensions on the  
minimum admissible a l t i t u d e  of t h e  t r a j ec toSy ' s  per icenter .  
of t h e  ca lcu la t ions  was t o  determine t h e  p o s s i b i l i t y  of such f l i g h t s ,  and t o  
es t imate  t h e  energy requirements and f l i g h t  time. 

The main purpose 

4 
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Figure 1. Landing on the Moon ( 0  < i < 90°, r 'n ' = 6690 km). 
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Isolines i (degrees) 

---------- Isolines Vc (km/sec) 

Landing on the Moon (90" < i < 180°, rrr = 6690 km) . Figure 2. 
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Landing on t h e  Moon (0’ < i < 90°, r = 6690 km) . 
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Figure 3. 
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Figure  4 .  Landing on the Moon (90" < i < 180°, Trr = 6690 km) . 
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Figure 5 .  Take-off from the Moon (0' i < OOo, rrr = 6420 km) . 



E 



I I I I I 
Isolines, i ( d  

Isolines v ( _ _ - _ _ _ _ _ _ _  
c 

Figure 6. Take-off from the  Moon (90" '< i < 1-80', Tri = 6420 km) . 
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Figure 7. Take-off from the Moon (0 < i < 90 , ri7 
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The ca lcu la t ions  revealed t h a t  there  i s  a m u l t i p l i c i t y  of poss ib le  f l i g h t  

t r a j e c t o r i e s  around t h e  p l ane t s  t h a t  can meet t h e  requirements f o r  a r e t u r n  t o  
t h e  Earth.  This m u l t i p l i c i t y  was graphical ly  descr ibed by p l o t t i n g  t h e  i s o l i n e s  
of t h e  geocentric v e l o c i t i e s  of t h e  f l i g h t s  around t h e  p l ane t s  ( V  

take-off  time (t,) -- f u l l  f l i g h t  time (tz) coordinates .  

) i n  t h e  60 

Such i s o l i n e s  a re  presented i n  f igu res  13 and 14. /7 
A s  t hese  f igu res  ind ica t e ,  t h e  minimum take-off  ve loc i ty  f o r  a f l i g h t  

around Mars i n  1969 w i l l  be 5.13 km/sec, t h e  f u l l  f l i g h t  t ime amounting t o  
730 days. It i s  poss ib le  t o  reduce the f u l l  f l i g h t  t ime by increas ing  t h e  take-  
of f  ve loc i ty .  
t h e  f l i g h t  t i m e  t o  685 days. 

Thus a 0.5 km/sec increase i n  t h e  take-off  ve loc i ty  would reduce 

A t r a j e c t o r y  with a minimwn take-off ve loc i ty  of 3.18 lan/sec and a ( f u l l )  
f l i g h t  time of 380 days i s  ava i lab le  a l s o  f o r  a f l i g h t  around Venus. 

The f u l l  f l i g h t  time t o  Venus could be reduced t o  340 days by a 0.5 lan/sec 
increase  i n  t h e  take-off ve loc i ty .  

Calculat ions have been made with a view t o  es t imat ing  the  required p rec i -  
s ion  of the  f l i g h t  around the  planets .  The de r iva t ives  of t he  miss-correct ing 
impulse have been computed i n  the  image plane of t h e  t r a j e c t o r i e s  w i th  a mini- 
mum take-off  speed. These der ivat ives  a re :  

f o r  t h e  f l i g h t  t r a j e c t o r i e s  t o  Mars 0.12.10-2 km/sec, 
km 

f o r  t h e  f l i g h t  t r a j e c t o r i e s  t o  Venus 0.26*10'1 km/sec. 
lan 

Thus i f  the  s h i p ' s  propuls ion sys tem can generate  an impulse of 300 meter/ 
sec t o  co r rec t  t he  inaccuracy of the f l ight-around,  then the  permissible  random 
devia t ions  of t h e  t r a j e c t o r y  i n  Venus' image p lane  w i l l  be - 10 km and i n  Mars' 
image plane - 250 km. 

. 

An examination of t h e  changes of t h e  de r iva t ives  produced by a v a r i a t i o n  
of t h e  f l i g h t  t r a j e c t o r i e s  t o  Mars and Venus revealed an i n s i g n i f i c a n t  change 
i n  such der ivat ives .For  example, a 0.5 km/sec increase  i n  t h e  take-off  ve loc i ty  
from t h e  Earth would change t h e  der iva t ives  by not more than - 20 percent .  

Trans la ted  f o r  the  Nat ional  Aeronautics and Space Administration by 
John F . Holman and Co. Inc  . 
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